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Optimization of circularly-polarized radiation from an elliptical wiggler,
asymmetric wiggler, or bending magnet
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To collect circularly-polarized radiation from a bending magnet, elliptical wiggler, or asymmetric wiggler source, one must choose
operating parameters to optimize their output according to user requirements. The trade-off between flux and degree of circular polarization
is a basic feature of such dipole-type sources. In this paper, we discuss how to optimize the output based on two different criteria. The first
is to maximize the intensity times the square of circular polarization degree (IP?), a widely used figure of merit in circular-dichroism
experiments. The second is to maximize the intensity for a given degree of circular polarization, which is desirable in some cases. The
results presented here provide guidelines for the design and operation of dipole-type sources to generate circularly-polarized radiation.

1. Introduction

To satisfy the need for circularly-polarized light sources,
many specially-designed insertion devices have appeared
{1,2]. According to their radiation characteristics, they can
be classified into wiggler / dipole-type devices and undula-
tor-type devices. Based on the stationary phase approxima-
tion [3], radiation properties of the former type devices can
be understood via a series of incoherent dipole radiation
(hence we refer to them as dipole-type) sources. A com-
mon feature of dipole-type devices is the trade-off between
the attainable flux density S, and the degree of circular
polarization P, [3,4]. These competing quantities are char-
acterized by Stokes parameters S, and S;:

So=(EZ+E}), S;=2Im(E,E})

and P.=—. (1)

Choosing device parameters to maximize flux density while
providing the required circular-polarization degree or to
optimize other figures of merit in terms of experimental
requirements is germane to the design and operation of
such devices. Results of such optimizations are applicable
for bending magnets, asymmetric wigglers, and elliptical
wigglers.

Let us examine the functional form of the electric field
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E, and E, for dipole-type devices. For a bending magnet,
the expressions are well known [5]:

E_ = const- yy(1 +X2)K2/3()’[1 +X2]3/2)
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The const normalizes S, to flux density. Although there
are four controllable factors: electron energy E, or v,
magnetic field B, photon energy E,,, and vertical observa-
tion angle , only two parameters y and X determine the
characteristics of the radiation pattern. As long as the
optimization is done in 2-D parameter space (y, X), it is
clear how to choose the four controllable factors according
to the above relationships. The radiation mechanism of
wigglers to generate circularly-polarized light is illustrated
in Fig. 1. The bottom curve represents a typical horizontal
component of a trajectory, and the top three are the vertical
components of the trajectories in different devices. The
short bars centered on poles represent small bending-mag-
net sources. Neglecting the source depth effect, for an N
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Fig. 1. Mechanism to generate elliptically polarized photons in
wigglers. Not all arrows indicating radiation are shown.

period wiggler, the radiation characteristics of the asym-
metric wiggler is simply N times the bending-magnet
radiation (when the minor pole radiation is negligible). For
the elliptical wiggler it is equivalent to N times the
radiation of two bending magnets that tilt up and down
respectively with respect to the orbit plane by an angle
K,/v, where K is the deflection parameter of the hori-
zontal field. For the elliptical wiggler we have an addi-
tional free parameter, K. However, as shown in ref. [3],
the radiation of interest is the near on-axis portion, where
an elliptical wiggler generating circularly-polarized pho-
tons performs best. For the on-axis case, the flux density
reduces to 2N times of that given by Eqgs. (1) and (2) but
with X =K. General expressions for off-axis £, and E,
analogous to Eq. (2) can be found in ref. [2]. Therefore, the
optimization based on Egs. (1) and (2) in (y, X) parame-
ter space is applicable to any dipole-type device. Of course,
the radiation collected is also dependent on the acceptance
angle and electron beam emittance. The influence of the
electron beam emittance is approximately equivalent to
averaging over a finite acceptance angle. In this paper, we
only consider the zero-emittance case. Usually increasing
the acceptance angle will increase the flux but decrease the
degree of circular polarization. Still, optimization based on
flux density of a single electron should be a good indicator
for the angle and emittance-included optimization, and this
keeps the problem manageable. Optimization criteria are
experiment dependent. In sections 2 and 3 we present
optimization procedures for two reasonable criteria.

2. Optimization based on VI P,

For a circularly-polarized light source, a common fig-
ure of merit is yI P,, which is proportional to the signal-
to-noise ratio in circular-dichroism experiments [3,6]. Thus,
one would like to maximize this figure in the attainable

device parameter space. I is the radiation intensity, i.e. the
Stokes parameter S;. From Eqs. (1) and (2) we have:

EZE?
IP2 = 4(const - y)’ ———2 = 4(const - v)* f(y, X).
E}+E?

()

The necessary condition to have an extremum is:

2E.E,
of = ————[ERE, + EXE,| = 0. 4)
(EX+E2)

More precisely, for a given X, 3,f=0; or for a given y,
9y f=0; or for the 2-D case, 9, f = 3y f = 0. Since we want
to optimize the circularly-polarized radiation, neither E,
nor E, can be zero. Thus, the part of Eq. (4) in brackets
must be zero. The derivatives are:

5/2
0 E, =3(1+X*)Ky ;3 —y(1+X?) 7K, 3
1 1
= —E, - —(1+x*)’E,,
3y X 4

8,E, = 2xV1+ XK, ,, —yX(1+X?)'K, 5
2 E _X(1+X?)E
E e— —_ + ,
—E,~X(1+ X)),

3/2

WE, = -3y’ X(1+X*)"°K,

= —3y(1 +X2)Ey,
) =yV1 +X%K, 3 =3y X} (1 +X*)K,
1
=5E~ 3yX’E,, ®)
where the following relationships between the modified

Bessel functions and their derivatives are used [7]

21
K53(2) = —K;,3— §;K2/3,
| 0 ®)
K1/3(Z) =-K;,3— E'Z‘Kl/a-

Using Eq. (5), 8, f=0 and 3 f= 0 result in:

E\* 2 E\’ 1 E,
E,| 3yx(1+Xx*)\E, 3yX(1+x2) | E,
1
+ —A—’_f +1=0 (7A)
and
=1 - =l +—= +1=0.
E,|] 3w\E ]  Xx?

Let us find the maximum in the 2D parameter space first.
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In this case, the two equations of Eq. (7) are valid simulta-
neously. Hence, they reduce to:

< X Kz/a[)’(l +X2)3/2] Vi+x2

E, y1-x? B K1/3[y(1 +X2)3/2] . X

X%Yy1-x?

YT 30 -x7-x*+2x9)
®)
while
2E,E,
P=——2 =2XYy1-X"
¢ E!+E}]

at this point. Eq. (8) can be solved numerically and the
solution is:

X=0.878, y=0.223, P.=84%,

Sp=1.4x10%E2,  [P2=1.0x10"°E2, 9

where E, is in GeV, S, and IP2 in photons/s/ 0.1%bw /
mrad?/ mA / pole. These numbers represent the best possi-
ble performance of dipole-type devices in generating circu-
larly-polarized radiation. Hence they are characteristic val-
ues of this type of device, and are useful for comparing the
relative performance of different devices. Through Eq. (9)
one can estimate optimal radiation from a particular device
based on the storage ring energy and the number of
effective dipoles. It is also clear that a device is most
efficient at producing circularly-polarized photons of en-
ergy around 0.45E.

When the parameters in Eq. (9) are not attainable,
which is frequently the case, one needs to solve Egs. (7A)
and (7B) separately to find optimized values. A more
concise way to attack the problem is via a contour map of
various parameters of interest, such as the figure of merit,
in the 2D parameter space (y, X). In Fig. 2a we show
such a map of the flux density (solid line) and degree of
circular polarization. The contours are in increments of
10%. The intensity contour provides a good representation
of the angular and spectral characteristics of dipole radia-
tion. With the P, contour, the tradeoff between intensity
and P, is clear. Fig. 2b is 2 map of Vi P, the figure of
merit. Through this map it is clear to what extent one
needs to optimize the operating parameters and what part
of the energy spectrum a device can cover. Although a
finite vertical acceptance angle will change these maps
somewhat as shown below, they nonetheless are good
guidelines to the optimization of circularly-polarized radia-
tion in dipole-type devices. Moreover, the vertical dimen-
sion of the VI P,_ contours provides a good estimate of a
suitable acceptance angle.

One noticeable feature in Fig. 2b is that, with the
exception of the best performance region indicated by Eq.
(9), for the same figure of merit VIP,, one has much

Yv or K,

[
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Fig. 2. (a) Contour maps of flux density and P,; (b) contour map
of VI P, the figure of merit.

freedom to choose various working points in parameter
space with widely different intensity and polarization sta-
tus. Our maps provide the information necessary for users
to make their choice in favor of their particular experi-
ments while maintaining the same signal-to-noise ratio.

Analogous to Fig. 2, Figs. 3 and 4 show the effect of
acceptance angle. These maps provide an estimate of the
influence of acceptable angle and beam emittance. An
adjustable aperture allows experimenters to fine-tune and
customize their intensity / polarization tradeoff.

3. Maximization of the flux density for a given P,

We now present a procedure to optimize the circularly-
polarized radiation according to a different criterion: maxi-
mization of the flux density for a given P.. As shown in
Fig. 2a, along the contour lines of P,, the flux density
changes rapidly. Our purpose here is to calculate the flux
density along these constant P_ curves and find the maxim.
Expressed mathematically, we maximize the function
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g(y, X) =S, under the constraint ¢=P(y, X)=5;—
P_S,=0. This can be solved by the standard Lagrange
multipliers method as follows. Define the Lagrange func-
tion with the multiplier A as L(y, X, A) =S, + A¢, the
necessary conditions to reach extremum of g(y, X) are:

L
=2{[(A - AR)E, + AE,]3,E,

3y
+[(1 - AP)E,+AE,]3,E,} =0

aL

e =2{[(A - AP)E, + AE,]%E, (10)
+[(1 - AP)E, + AE,]34E,} =0

L s, 2

o5 =S~ PeSo= ~P{E}+E] - EExEy =0.
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Fig. 3. Contour maps of flux, P, and VI P, with vertical accep-
tance angle yAy = 0.5.
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Fig. 4. Contour maps of flux, F,, and VI P_ with vertical accep-
tance angle yA¢ = 1.0.

In general, [(1 = AP)E, + AE 1 — AP)E, + AE ] #0,
so Eq. (10) reduces to:

8,EdE, =0,E,3E,

2 2 11
E!+E}— —E,E,=0. (1)
PC

Using Eq. (5), Eq. (11) becomes:

E\’ 1 (E,\ 1-x*
-] -2 AN — =0
E, 6yX° \ E, X
, (12)
EX 1 x
= —2— =) +1=0.
E, P\ E,

From Eq. (12), holding P, constant, S, reaches its ex-
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tremum at the values of X and y given by the solution of
the simultaneous equations:

1 \/( 1 1 1)
._.t _—
3yx3 X“P 4 Pf
F £y ?‘1 (13)

V14X Kyl +XC %
(

X K (+x277)

J"Ia“’

l

We solve these equations numerically. Their solutions over
the polarization range 0.5 < P, < 1.0 are tabulated in Table
1 along with the flux density (normalized to one pole and
with E, =1 GeV, as in Eq. (9)) and VIP,. The signifi-
cance of this table is equivalent to Eq. (9) but with a
different criterion. It shows the best tradeoff between P,
and maximum possible flux density. Of course, the perfor-
mance listed in this table is attained only if the correspond-
ing X and y are realizable, which may not always be the
case. Generally, the relationship between X and y to
maintain a specific P, is given by the second equation of
Eq. (13), which is the P, contour in Fig. 2a. The flux
densities along some P, contours are given in Fig. 5. For a

Table 1

Optimized intensity I for a given P¢

P, X y I VIP,
(x10%)

0.500 0.353 0.366 1.86 X 10%° 0.68
0.525 0.376 0.360 1.85x 1010 0.71
0.550 0.401 0.352 1.84 x 10 0.75
0.575 0.426 0.346 1.82x 10 0.78
0.600 0.453 0.339 1.80x 10 0.80
0.625 0.482 0.330 1.78x 10 0.83
0.650 0.512 0.322 1.76 x 10 0.86
0.675 0.545 0.312 1.73x 10% 0.89
0.700 0.581 0.302 1.70x10'° 0.91
0.725 0.621 0.290 1.66 X 1010 0.93
0.750 0.664 0.279 1.62x10%° 0.96
0.775 0.713 0.266 1.57x 10 0.97
0.800 0.769 0.250 1.52%x 10" 0.98
0.825 0.833 0.234 1.45x10% 0.99
0.850 0.912 0.213 1.37x10%° 0.99
0.875 1.006 0.194 1.27x10%° 0.98
0.900 1.128 0.172 1.14%x10% 0.96

0.925 1.302 0.143 9.73%x10° 0.91
0.950 1.580 0.109 7.44 x 10° 0.82
0.975 2171 0.066 4.11x10° 0.63
0.990 3.290 0.032 1.34x 10° 0.36

le+10

le+09 t

le+08

Flux density (#/s/0.1%bw/1mA/mrad2/pole)

0 0.20.40.60.8 1 1.21.41.61.8 2
=_E_
V=3,
Fig. 5. Flux density vs. y for given P,.

practical device, only parts of (y, X) parameter space are
attainable. According to Figs. 2a and 5, we can choose the
attainable working point that gives maximum flux output
for a given P..

In Table 1, for P, > 90% the flux drops sharply, while
the corresponding X and y change rapidly as well. Thus,
generally, dipole-type sources efficiently produce radiation
with a degree of circular-polarization up to 90% according
to the criterion used in this section. In contrast, the V7 P,
values change slowly in Table 1. From Figs. 2 (or Table 1)
we see that, according to the criterion used in section 2,
the dipole-type device works best for P, between 75 and
~90% and is still quite good for even higher degree of
circular polarization.

4. Conclusion

In this paper, we present the optimization of circularly-
polarized radiation from dipole-type devices. The universal
results are applicable to bending magnets, asymmetric
wigglers and elliptical wigglers of any parameters in any
storage ring. Working with the intrinsic 2D (y, X) param-
eter space of such devices, we show optimizations accord-
ing to two different criteria. The best performance under
each criterion is calculated. These characteristic values are
good indicators of device performance and are very useful
in terms of comparison of different devices. Our results,
especially the maps which give a concise representation of
the radiation characteristics, are of practical importance to
the design and operation of circularly-polarized radiation
sources. They provide information for the device design
parameter (e.g. field strength, K,) range to cover user
requirements. For individual experiments, they allow users
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to choose the working point in parameter space for the best

teadanff haturasn fluy and circnlar.nnl
1a1-poi

a
alliauvil uv,

t1aGeCII OCIWELH 1UX and ClICu. rization ""5;“55 orm

favor of other experimental requirements. Results pre-

‘sented here assume ideal sinusoidal field with negligible

end effects, which requires careful attention [3]. These
results are exact for small acceptance angle and zero
emittance. They may change slightly for cases requiring a
relatively large aperture or considering electron beam emit-
tance.
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